QUOTIENT ALGEBRAS OF TOEPLITZ-COMPOSITION 
C*-ALGEBRAS FOR FINITE BLASCHKE PRODUCTS 
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Abstract. Let R be a finite Blaschke product. We study the C*-algebra TCr 
generated by both the composition operator Cr and the Toeplitz operator T z 
on the Hardy space. We show that the simplicity of the quotient algebra OCr 
by the ideal of the compact operators can be characterized by the dynamics 
near the Denjoy- Wolff point of R if the degree of R is at least two. Moreover 
we prove that the degree of finite Blaschke products is a complete isomorphism 
invariant for the class of OCr such that R is a finite Blaschke product of degree 
at least two and the Julia set of R is the unit circle, using the Kirchberg-Phillips 
classification theorem. 



1. Introduction 

Let D be the open unit disk in the complex plane and iJ 2 (B) the Hardy space 
of analytic functions whose power series have square-summable coefficients. For an 
analytic self-map ip : ED — > B, the composition operator C v : H 2 (U>) H 2 (H)) is 
defined by C v g — g o ip for g € i? 2 (D) and known to be a bounded operator by 
the Littlewood subordination theorem |23j . The study of composition operators 
on the Hardy space iJ 2 (H>) gives a fruitful interplay between complex analysis and 
operator theory as shown, for example, in the books of Cowen and MacCluer [BJ, 
and Shapiro [31] . 

Let L 2 (T) denote the square integrable measurable functions on the unit circle 
T with respect to the normalized Lebesgue measure. The Hardy space H 2 (T) is 
the closed subspace of L 2 (T) consisting of the functions whose negative Fourier 
coefficients vanish. Let P H i : L 2 (T) -> H 2 (T) C L 2 (T) be the projection. For 
a € L°°(T), the Toeplitz operator T a : H 2 {T) -> H 2 (T) is defined by T a = P H 2M a , 
where M a is the multiplication operator by a on L 2 (T). We recall that the C*- 
algebra T generated by the Toeplitz operator T z contains all continuous symbol 
Toeplitz operators, and its quotient by the ideal of the compact operators on H 2 (T) 
is isomorphic to the commutative C* -algebra C(T) of all continuous functions on 
the unit circle T. Recently several authors considered C* -algebras generated by 
composition operators (and Toeplitz operators). Most of their studies have focused 
on composition operators induced by linear fractional maps, that is, rational func- 
tions of degree one. For an analytic self-map ip : P — > D, we denote by TC V the 
Toeplitz-composition C* -algebra generated by both the composition operator C v 
and the Toeplitz operator T z . Its quotient algebra by the ideal K of the compact 
operators is denoted by OC v . Kriete, MacCluer and Moorhouse [501 H2] studied 
the Toeplitz-composition C*-algebra TC V for a certain linear fractional self-map ip. 
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They describe the quotient algebra OC v concretely as a subalgebra of C(A)(g)M2(C) 
for a compact space A. They also considered the C*-algebra generated by T z and 
a finite collection {C Vl , . . . , C Vn } of composition operators whose symbols are such 
linear fractional self-maps [3T]. If p(z) = e~ 2 z for some irrational number 0, then 
the Toelitz-composition C*-algcbra TC V is an extension of the irrational rotation 
algebra Ag by JC and studied in Park [2S]. Jury [T2] investigated the C* -algebra 
generated by a group of composition operators with the symbols belonging to a 
non-elementary Fuchsian group T to relate it with extensions of the crossed prod- 
uct C(T) x r by JC. He applied the same analysis to the C*-algebra OC v for a 
Mobius transformation ip and had the following theorem. 

Theorem 1.1 (Jury Let if be a Mobius transformation o/D and let a be an 

automorphism such that a(a) = a o ip for a € C(T). 

(1) If p has finite order q, OC v is isomorphic to C(T) x Q Z/gZ. 

(2) Otherwise, OC v is isomorphic to C(T) x a Z. 

For < s < 1, let p s (z) = sz + (1 — s). Quertermous [59] considered the C*- 
algebra generated by a semigroup {C Vb | < s < 1} and had an exact sequence by 
the commutator ideal. 

It seems that one of easy cases except linear fractional maps is a rational function 
of degree two. We consider the following four rational functions of degree two: 

2z 2 - 1 , . 2z 2 + 1 

= ~2^~z 2 ~' R2{z) = TTz^> 

Their rational functions resemble each other, but quotient algebras OC^ , . . . , (DC r 4 
of Toeplitz-composition C* -algebras by the ideal JC have a different property. Quo- 
tient algebras OC^ and OCr 3 are simple, while quotient algebras OCr 2 and 
OCfl 4 are not simple. This is related to a property of complex dynamical sys- 
tems {i?j m }m=i f° r 3 — 1) • • • ; 4. Rational functions R\, . . . ,Ri are finite Blaschke 
products. 

In this paper we consider the quotient algebra OCr for a general finite Blaschke 
product R. We show that the simplicity of the C*-algebra OCr can be characterized 
by the dynamics near the Denjoy- Wolff point of R if the degree of R is at least two. 
We note that Watatani and the author [10] studied the quotient algebra OCr when 
R is finite Blaschke product of degree at least two with R(0) = 0. We showed 
that the C*-algebra OCr is isomorphic to the C*-algebra Or(Jr) associate with 
complex dynamical systems introduced by |15j . which is simple and purely infinite. 

On the other hand, Courtney, Muhly and Schmidt [5 studied certain endo- 
morphisms of B(L 2 (J)) and B(H 2 (T)), where B(L 2 {T)) and B(H 2 {T)) are the 
C*-algebra of all bounded operators on L 2 (T) and H 2 (T) respectively. Let p be 
an inner function and let a be the induced endomorphism of L°°(T) defined by 
a(a) — a o p for a € L°°(T). They considered an endomorphism /3 of B(L 2 (T)) 
satisfying (3(M a ) = M a ^ for a 6 L°°(T) and an endomorphism /3 + of B(H 2 (T)) 
satisfying (3 + (T a ) — T Q ( a ) for a G L°°(T). They described such endomorphisms on 
B(H 2 (T)) using orthonormal bases of the Hilbert space H 2 (T) Q T V H 2 (T). More- 
over, when ip = R is a finite Blaschke product, they considered a Hilbert bimodule 
L°°(T)c over L°°(T) and studied endomorphisms of B(L 2 (T)) satisfying the above 
condition. 
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Fortheremore, Jury [TT] showed that, if <p is a Mobius transformation of D, then 
the quotient algebra Odp is isomorphic to the crossed product by the integer group 
or the cyclic group as in Theorem ll.il Let R be a finite Blaschke product of degree 
at least two with i?(0) = 0. Watatani and the author [10] proved that the quotient 
algebra OCr is isomorphic to the C*-algebra Or(Jr) associated with the complex 
dynamical system introduced in [15]. The C*-algebra Or(Jr) is defined as a Cuntz- 
Pimsner algebra [28] . In this paper we extend both of these to the case for a general 
finite Blaschke product R. We show that the C*-algebra OCr is isomorphic to the 
crossed product C(T) x Q Z/gZ in Theorem 11.11 or a Cuntz-Pimsner algebra Ox R 
associated to a Hilbert bimodule Xr over C(T). 

In the proof of this theorem, one of the keys is to analyze operators of the form 
C R T a CR for a <E L°°(T). Watatani and the author [TO] showed that, if R is a finite 
Blaschke product of degree at least two with i?(0) = 0, then the operator C R T a CR is 
a Toeplitz operator T^ R ( a \. Courtney, Muhly and Schmidt [5] extend this to the case 
for a general finite Blaschke product. On the other hand, Jury |13j independently 
proved a covariant relation C*T a C v = ( a j for an inner function ip, where A v is 
the Aleksandrov operator defined by Alcksandrov-Clark measures [HE]- If <p = R is 
a finite Blaschke product degree at least two with R(0) = 0, then the Aleksandrov 
operator Ar is equal to Cr defined in [10]. More generally, Jury also analyzed the 
operator C*T a C v for any analytic self-map on D. Let a : C(T) — > C(T) be the 
endomorphism a induced by a finite Blaschke product R such that a(a) = ao R for 
a e C(T). We should remark that Ar is a transfer operator for the pair (C(T),a) 
in the sense of Exel in [7] . 

As noted above, Jury obtained the covariant relation C^T a C v = Ta ( a ) for an 
inner function (p and a € L°° (T) . Exel and Vershik [8] considered similar covariant 
relations on L 2 spaces. Let (fi, fi) be a measure space and let T be a measure- 
preserving transformation of (fl./i). We denote S by the composition operator on 
L 2 (n,fi) induced by T. They considered a covariant relation S*M a S = M^u) for 
a e L°°(f2, /i) under some conditions. 

We discuss the difference between the Hilbert bimodule Xr and the Hilbert 
bimodule L°°(T)c considered in [5]. Two Hilbert bimodules are almost the same. 
But the inner product of Xr is slightly different from that of L°°(T)£. The inner 
product of Xr is given by a weighted sum defined by the weight function j^tj and 
naturally comes from the covariant relation C* R T a CR = Tj^ R t a \ for a £ L°°(T). 
However the inner product of L°°(T)c is given by a weighted sum defined by the 
weight function — , where n is the degree of the finite Blaschke product R. Thanks 
to the definition of the inner product of Xr, we can prove that the Hilbert bimodule 
Xr has a finite orthonormal basis {ui}™ =1 which is the first n-th functions of the 
Takenaka-Malmquist basis [231 IS2] of H 2 (T). The Takenaka-Malmquist basis is 
known as an orthonormal basis of L 2 (T) or H 2 (T). 

We also compute the K-group of the C*-algebra OCr, using the six term exact 
sequence obtained by Pimsner [28] and the finite orthonormal basis of 
the Hilbert bimodule Xr. Moreover we apply the Kirchberg-Phillips classification 
theorem [HO HZ] to the C*-algebra OCr. We show that the degree of finite Blaschke 
products is a complete isomorphism invariant for the class of OCr such that R is 
a finite Blaschke product of degree at least two and the Julia set of R is the unit 
circle T. 
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2. Preliminaries 

2.1. Toeplitz-composition C*-algebras. LetL 2 (T) denote the square integrable 
measurable functions on T with respect to the normalized Lebesgue measure m. 
The Hardy space H 2 (T) is the closed subspace of L 2 (T) consisting of the functions 
whose negative Fourier coefficients vanish. We put H°°(T) := H 2 (T) n L°°(T). 
The Hardy space H 2 (B) is the Hilbcrt space consisting of all analytic functions 

g(z) = X)fcLo Cfezfe on ^ ne °P en un it disk D such that J^fcLo \ c k\ 2 < 00 • The inner 
product is given by 

oo oo oo 

(g,h) =^2c k d k for g(z)=^c k z k and /i(z) = d fc z fe . 
fe=o fc=o fc=o 

We can identify H 2 (D) with H 2 (T) by the following way. For g G if 2 (D), there 
exists 

g(e ie ) := lim g(re iB ) a.e.6> 

r— >-l— 

and g £ H 2 (T) by Fatou's theorem. The inverse P[f] is given as the Poisson integral 

P[f](z) := / P,(C)/(C) dm(C), zen 
for / € .ff 2 (T) , where P z is the Poisson kernel defined by 

In this paper we identify i/ 2 (T) with iJ 2 (D) and use the same notation H 2 if no 
confusion can arise. An analytic self-map tp is called inner if \<p(e )| = 1 for almost 
every 6*. 

Let P H 2 : L 2 (T) -> H 2 (T) C L 2 (T) be the projection. For a e L°°(T), the 
Toeplitz operator T a on # 2 (T) is defined by T a f = P H ^af for / e ff 2 (T). Let 
p : ES — >• D be an analytic self-map. Then the composition operator C v on iJ 2 (D) 
is defined by C v g = go for g G i? 2 (D). By the Littlewood subordination theorem 
[23] . C v is always bounded. 

We can regard Toeplitz operators and composition operators as acting on the 
same Hilbert space. Put 

/(*), ^T, G(z)=l°W' ZGT ' 
P[f](z), zed, {z> \g(z), zeD, 

for / e H 2 (T) and g e H 2 (B). By Ryff [HI Theorem 2], we know that g^ = Gop 

for g € if 2 (ID). If we consider C v as an operator on H 2 (T), then C v f = P[f] o p = 
Fop for / e i/ 2 (T). Moreover, if 99 is an inner function, we have C v f = f op for 
/ e H 2 {T), since |^(e* e )| = 1 for almost every 6. 

Definition. For an analytic self-map p : D — > D, we denote by TC V the C*-algebra 
generated by the Toeplitz operator T z and the composition operator C v . The C*- 
algebra TC V is called the Toeplitz-composition C* -algebra for symbol p. Since 7~C V 
contains the ideal JC(H 2 ) of compact operators, we define a C*-algebra OC v to be 
the quotient C*-algebra TC V /IC{H 2 ). 

By abuse of notation, from now on we write p instead of p. 
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2.2. Aleksandrov operators and a covariant relation. We recall Alcksandrov- 
Clark measures (TJ [4] and Aleksandrov operators. The general reference is [3j Chap- 
ter 9] for example. 

Definition. Let tp be an analytic self-map on B. For a £ T, there exists a unique 
measure [i a on T such that 

|a-tSl 2= /^=^ dAia(0 
for z £ B by the Herglotz theorem (see for example [21 Theorem 9.1.1]). We call 
the family {/x a }aeT the family Aleksandrov- Clark measures of (p. 

Each fi a has a Lebesgue decomposition 

[i a = h a m + cr a . 

The absolutely continuous part of \i a is given by 

Mg l«-v(0l 2 

for ( G T. We note that jj, a = <r Q for a G T if ip is an inner function. For a bounded 
Borel function a on T, we define 

A v (a)(a) = / o(C) dix a (Q 
Jt 

for a £ T. Then the function A lfi (a) is also a bounded Borel function and A v 
extends to a bounded operator on L°°(T). Moreover A v is bounded on C(T). We 
call A v the Aleksandrov operator. 

The following theorem was proved by Jury. 

Theorem 2.1 (Jury p~3j Corollary 3.4]). Let tp : B —> B be an inner function. 
Then we have 

fora£ L°°(T). 

More generally, a similar theorem holds for any analytic self-map on B (see [T3] 
for more details). 

Let R be a finite Blaschke product on the Riemann sphere C = C U {oo}, that 

is, 

n 

L\ 1 - ZkZ 

where n £ N, A £ T and Zi, . . . , z n £ B. Thus i? is a rational function of degree n. 
Since R is an inner function, R is an analytic self-map on B. It is known that R is 
a finite Blaschke product of degree one if and only if R is Mobius transformation 
of B . We note the following fact 

n 1 — I 7 I 2 

Thus the finite Blaschke product i? has no branched points on T. It is known that 
the Aleksandrov-Clark measures [i a of R is given by 

C£fl- l («) 
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where S( is the Dirac measure of C on T 3, Example 9.2.4]. 

2.3. Cuntz-Pimsner algebras. We recall the construction of Cuntz-Pimsner al- 
gebras [55] (see also [T7]). Let A be a C*-algebra and A be a right Hilbert A-module. 
We denote by C(X) the C*-algebra of the adjointable bounded operators on X. For 
£, ?y G X, the operator 8^ iV is defined by &£,r)(Q — £(»7, C)a for (€X. The closure 
of the linear span of these operators is denoted by K.(X). We say that X is a Hilbert 
bimodule (or C* -correspondence) over ^4 if A is a right Hilbert A-module with a 
homomorphism tj> : A — > £(X). We always assume that is injective. 

A representation of the Hilbert bimodule X over A on a C* -algebra D is a pair 
(p, V) constituted by a homomorphism p : A D and a linear map V : X — > _D 
satisfying 

p(a)y e = V^ax, V£V v = P ({S,ti) a ) 
for a e A and £, r\ E X. It is known that V^p(b) = Vtb follows automatically (see for 
example [H]). We define a homomorphism ipv ■ fc(X) —> D by i^v{6^) = V^V* 
for £ X (see for example [T4l Lemma 2.2]). A representation (p,V) is said to 
be covariant if p(a) = ?/V(<M a )) for all a e J(A) := </) _1 (/C(X)). 

We call a finite set {Mi}™ =1 C X a finite basis of X if £ = ^1^=1 ^(""^Oa for 
any £ € A. Let A be unital. A finite basis {ui}f =1 is said to be orthonormal if 
it satisfies (it,-, Mj) a = <% 1 for i, J = 1, . . . , n. Let (p, V) be a representation of X 
over a unital C* -algebra A. Suppose that 4> and p is unital, and that X has a finite 
basis {iti}™ =1 . Then the representation (p, V) is covariant if and only if V satisfies 

Let (i, S) be the representation of X which is universal for all covariant repre- 
sentations. The Cuntz-Pimsner algebra Ox is the C* -algebra generated by i(a) 
with a £ A and with £ € A. We note that i is known to be injective [28] (see 
also jTTl Proposition 4.11]). We usually identify i(a) with a in A. There exists an 
action 7 : T — > Aut Ox with jx(S^ ) = AS^ for A € T and £ £ A, which is called the 
gauge action. We denote by 0\ the fixed point algebra of 7. We define a faithful 
conditional expectation of O x onto C\ by E(T) = J T j x (T) dm(X) for T eO X - 

Lemma 2.2. Lei A and D be unital C* -algebras and let X be a right Hilbert A- 
module. Suppose p : A — > D is a unital injective homomorphism, V : X — > D is a 
linear map and {ui}™ =1 C X satisfying 

n 

V iP {a) = V^, V£V v =p({Z,r,) A ), ^K.K* = 1 

for a £ A and f, rj € A. Then V is injective and {ui}f =1 is a finite basis of X. 
Moreover, if {wi}™ =1 satisfies V*.V Uj — Sijl, then {ui}" =1 is a finite orthonormal 
basis of X. 

Proof. For £ G A, 

n n 
t=l i=l 

Since p is injective, V is also injective (see for example (T4j Lemma 2.2]). Thus we 
have £ = E™=i u i( u ii£)A- This implies that {u^}" =1 is a finite basis of X. Suppose 
{ u i}i=i satisfies V*_V Uj = fiyl. Since p((v,i,Uj) a) — hjl, we have (ui,Uj)A = 
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2.4. Complex dynamical systems. Let R be a rational function of degree at 
least two. The sequence {R om }m=i °f iterations of composition by R gives a com- 
plex dynamical system on the Riemann sphere C. The Fatou set Fr of R is the 
maximal open subset of C on which {R om }m=i 1S equicontinuous (or a normal fam- 
ily), and the Julia set Jr of R is the complement of the Fatou set in C. It is known 
that the Julia set J R is not empty. 

We recall the classification of fixed points of an analytic function /. Let wq E C 
be a fixed point of /. The number |/'(u>o)| is called the multiplier of / at wq. 

(1) When |/'(u>o)| < 1, we call wq an attracting fixed point. 

(2) When |/'(u>o)| > 1, we call wq a repelling fixed point. 

(3) When f'(u>o) is a root of unity, we call wq a parabolic (or rationally indif- 
ferent, or rationally neutral) fixed point. 

(4) When |/'(wo)| = 1, but f'(wo) is not a root of unity, we call wo an irra- 
tionally indifferent (or irrationally neutral) fixed point. 

The local dynamics near a parabolic fixed point of an analytic function is de- 
scribed by the Leau-Fatou flower theorem. We may consider the case that / has 
a parabolic fixed point at with multiplier 1. Let / be an anaytic function repre- 
sented by a convergent power series 

f{z) = z + c p+1 z p+1 + ■■■ (c p+1 ^ 0) 

at 0. An attracting petal is a simply connected open set U such that G dU , 
f{U) C U and f om (z) —> as m —> oo for all z G U. A repelling petal is an 
attracting petal for 

Theorem 2.3 (Leau-Fatou flower theorem [251 Theorem 10.5]). Let f be an ana- 
lytic function represented by a convergent power series 

f(z) = z + c p+lZ P +1 + --- (c p+1 ^0) 

at 0. Then there exist attracting petals U\ , . . . , U p and repelling petal Vy , . . . , V p 
such that 

(1) Uj r\U k =d) and Vj H V k = for j ^ k. 

(2) The union Uj U (J^ U {0} is an open neighborhood of 0. 

It is known that the Julia set of a finite Blaschke product of degree at least two 
can be computed as follows. 

Proposition 2.4 ([21 p. 79]). Let R be a finite Blaschke product of degree at least 
two. Then one of the following holds. 

(1) The finite Blaschke product R has a fixed point in D. 

(2) The finite Blaschke product R has an attracting fixed point on T. 

(3) The finite Blaschke product R has a parabolic fixed point on T with two 
attracting petals. 

(4) The finite Blaschke product R has a parabolic fixed point on T with one 
attracting petal. 

Moreover, if R satisfies (1) or (3), then the Julia set Jr is T. Otherwise the Julia 
set Jr is a Cantor set on T. 

The above proposition is related to the Denjoy- Wolff Theorem. 
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Theorem 2.5 (Denjoy- Wolff theorem O Theorem 2.51]). Let ip : D -)• D be ana- 
lytic, and assume tp is not an elliptic Mobius transformation nor the identity. Then 
there exists wq £ D such that {<f om }m=i converges to Wo uniformaly on compact 
subsets o/D. 

The limit point of the Denjoy-wolff theorem will be referred to as the Denjoy- 
Wolff point of ip. 

There are some remarks about Proposition 12.41 Let R be a finite Blaschke 
product of degree at least two. It is known that there exists exactly one fixed point 
Wq G D of R such that |i?'(wo)| < 1- Moreover wq is the Denjoy- Wolff point of R 
(see for example [51 p. 59]). Thus the fixed point in Proposition 12.41 is the Dcnjoy- 
Wolff point wo of R. If wq € D, then wo is automatically attracting by the Schwarz 
lemma. Otherwise, it is known that < R'(wo) < 1 (see for example (H p. 55 and 
Theorem 2.48]). If wo is a parabolic fixed point on T, then R'(wo) = 1. Moreover, 
if R"(wq) = 0, then R belongs to (3) by Theorem 12. 31 Otherwise, R belongs to (4). 



3. Representations induced by Toeplitz operators and composition 

operators 

Let R be a finite Blaschke product. We shall construct a Hilbert bimodule 
Xr and its covariant representation induced by the Toeplitz operator T z and the 
composition operator Cr. In Section [5j we shall prove the C* -algebra OCr is 
isomorphic to the Cuntz-Pimsner algebra Ox R associated to the Hilbert bimodule 
Xr when R is a Mobius transformation of infinite order which maps B to itself or 
a finite Blaschke product of degree at least two. 

Let R be a finite Blaschke product and A = Xr = C(T). Then Xr is an A- A 
bimodule over A by 

(a ■ f ■ b)(z) = a(z)£(z)b(R{z)), a,beA, £ e X R . 

We define an A- valued sesquilinear form ( , )a ■ Xr X Xr — > A by 

(£,ti)a = Ar (£rj), ^,veX R . 

Since the Aleksandrov operator Ar As a faithful positive map on A, the sesquilinear 
form ( , )a is an A-valued inner product on Xr. Put ||£||2 = || (£, OaII 1 ^ 2 for £ € Xr. 

Proposition 3.1. Let R be a finite Blaschke product. Then Xr is a full Hilbert 
bimodule over A without completion. The left action <f> : A — > C(Xr) is unital and 
faithful. 

Proof. Since R' is continuous on T, there exists M > such that [RTrgjj < M for 
zeT. For £ 6 Xr, we have 

1/2 



||€H < Mh = I su p E n^TideCOn <VnM||$|| 



l 



Thus the two norms || H2 and |j || are equivalent. Since Xr is complete with respect 
to || ||, it is also complete with respect to || H2. Since Ar(1) is a positive invertible 
element in A, (Xr,Xr) a contains the identity of A. Thus Xr is full. It is clear 
that <b is faithful. □ 
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Let R be a finite Blaschke product, that is, 

n 

z- z k 



J -- L 1 - Zk. 



z e 

- ZkZ 



fe=i 

where n G N, A G T and zi, . . . , z n el We conisder the following functions 



Ui(*) = -^ zz — , Ui(z) = ^- — — — , zGT 

for i = 2, . . . , n. It is known that {ui}f =1 is an orthonormal basis of T> := H 2 QTrH 2 
and {u.iR k \ i = 1, . . . , n, fc = 0, 1, . . . } is an orthonormal basis of H 2 , where R k is 
the fe-th power of R with respect to pointwise multiplication [35] (see also [SJ 
Lemma 3.1, Remark 3.7]). The basis {uiR k \ i = 1, . . . , n, fc = 0, 1, . . . } is called 
the Takenaka-Malmquist basis of H 2 . 

Lemma 3.2. The notations be as above. Then 

n 

{T Ui C R )*T Uj C R = SijI and y^^T Ui C R (T Ui C R )* = I. 

i=l 

Proof. Set ek(z) = z k . We have T Ui C R ek = UiR k for i = 1, . . . , n and A; > 0. Thus 
T Uz C R is an isometry and 0™ =1 lm(T Ui C R ) = H 2 . □ 

Proposition 3.3. For a G A and £ G Xr, we define p(a) = ir(T a ) and = 
■k{T^Cr), where ir is the canonical quotient map TCr to OCr. Then (p,V) is a 
covariant representation of X R on OC R and p is unital and injective. Moreover, 
{ui}f =1 is a finite orthonormal basis of X R . 

Proof. Let a £ A and £, r/ G X R . By definition, we have 

p(a)V £ = V a< . 

By Theorem 12. 1[ it follows that 

V£V n = ACrT-^Cr) = *{T ARm ) = p((Z, V ) A ). 
Lemma 13.21 implies 

K v «i = A(T Ui C R )*T Uj C R ) = 5 l3 I 

for i^j = 1, . . . , n and 

n n 

E v «iK = £ <T Ui C R {T Ui C R )*) = I. 

i=l i=l 

It is known that p is injective. The rest is now clear from Lemma 12.21 □ 

Remark. Let R be a finite Blaschke product of degree n. We can also show the 
same statement for any orthonormal basis {i!i}™ =1 of T> = H 2 Q T R H 2 as above, 
since {v{R k \ i = 1, . . . , n, k = 0, 1, . . . } is an orthonormal basis of H 2 and Vi G H°° 
for i = 1, . . . ,n. Moreover we may use instead of {wi}™ =1 from now on, 

since vt G C(T) for i = 1, . . . , n. 
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4. Uniqueness 

Let R be a Mobius transformation of infinite order which maps D to itself or a 
finite Blaschke product of degree at least two. We shall show OCr is isomorphic 
to the Cuntz-Pimsner algebra Ox R ■ In this section we consider a more general 
setting. Let A = C(T) and D be a unital C* -algebra. Suppose (p, V) is a covariant 
representation of Xr on D such that p is unital and injective. We denote by B the 
C*-algebra generated by {p(a), \ a G A, £ G Xr}. We shall show B is isomorphic 
to Ox R ■ This implies that the Cuntz-Pimsner algebra Ox R is uniquely determined 
by covariant relations. There have been many studies on uniqueness theorems by 
many authors (see for example [14M16] ). In this paper we give a self-contained proof 
in this case using the finite orthonormal basis {iti}™=i of Xr. Put a(a) — a o R for 
a E A. 

Lemma 4.1. Let R be a Mobius transformation of infinite order which maps D 
to itself or a finite Blaschke product of degree at least two. For any N E N, a E 
Mjv(C(T)), e > and m G N, i/iere exisfc c <E A = C(T) satisfying the following 

(1) < c < I, 

(2) ccV(c) = for j = l,...,m, 

(3) ||a diag(c 2 )|| > ||a|| —e in M/v(C(T)), where diag(T) is the diagonal matrix 
whose diagonal elements are all equal to T. 

Proof. We may identify a E Mn(C(T)) with a continuous Mat (C)-valucd function 
on T. For m G N, W m :— {z E T | i? OJ (z) ^ z for any j = 1, . . . , m} is dense in T, 
since R° k is a non-identical rational function for k E N. Thus for any e > 0, there 
exists wo € W m such that ||a(u>o)|| > ||o|| — £• Since R°^{wq) ^ w , there exist open 
neighborhoods t7j of w such that n (i2° 3 ') _1 (Z7j) = for j = 1, . . . , m. Put J7 = 
Dj=i ^i- We can choose c£ A = C(T) such that c(wo) = 1, < c < 1 and c(z) = 
for z G C/ c . Since 17 n (JZ° J ') _1 (t7) = 0, it follows that supp(c) n supp(a J '(c)) = 
for j = 1, . . . ,m. Thus we have ca? (c) = for j = 1, . . . , m. We identify adiag(c 2 ) 
with a continuous Mjy (C)-valued function on T. Then 

||adiag(c 2 )|| > \\a(w ) diag(c(iy ) 2 )|| = IK™o)|| > IMI - £■ 

□ 

Since (p, V) is a representation of Xr, we can define the representation (p, V^) 
of X| p such that V^ p) = % . . . V( p for £ = & ® • • • ® £ p G For simplicity 

notation, we write instead of for £ G X^ p if no confusion can arise. Let 

B VA be the closed linear span of {VjV^* | £ G X^, r) E X^ p }. We note that B p ^ p is 
a C*-subalgebra of B. 

For a sequence p = . . . , i p ) E {1, . . . , n} p , set — u^® ■ ■ -®Ui v and |p| = p. 
Since {it M | |p| = p] is a finite orthonormal basis of X^ , we have 

= E K,p((^,0a) 

for £ G Xfi P . We can rewrite as the closed linear span of 

It is clear that {u M | |p| = p} is a finite orthonormal basis of X^ p . Thus V u * = 
8fj, v I and K,,^ = 1- Since p is injective, there exists an isomorphism ^> : 
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B p . p -> M nP {C(T)) S <g> p k=1 M n (C(T)) such that *(K M p(a^)K*J = V^ui ® 
• • • ® e »pj pI where p = (ii, . . . ,i p ), p = (ji, . . .,j p ) and {ey}£j- =1 is the standard 
matrix units of M n (C). 

Lemma 4.2. Let R be a Mobius transformation of infinite order which maps D 
to itself or a finite Blaschke product of degree at least two. For any p G N, To G 
-B PiP , e > and m G N, £/iere exists c £ A satisfying (1), (2) o/ Lemma \4-.1\ and 

||pK(c))T pK( C ))|| > HToH-e. 

Proof. Take To G S P , P with 

|/i|=|i/|=p 

Put 6 = (%)ij = i,..., n p = *(To). Choose c G A as in Lemma l4.11 Since p(a p (c))V u ^ = 
V u p(c) for \/j,\ — p, we have 



\\p(a^c))T p(a p (c))\\ 



\li\ = \u\=p 

11(6^)^-11 = ||6diag( c 2 )|| >||6||-e=||r | 



by Lemma [4~T1 □ 

We denote by i? alg the *-algebra generated by {p(a),V^ | a G A, £ G -Xjj}. 

Lemma 4.3. Let R be a Mobius transformation of infinite order which maps D to 
itself or a finite Blaschke product of degree at least two and let p, m G N. Suppose 
T G £> alg satisfies T = Y^jL—m^j with Tj G B pp+ j. For any e > 0, there exists 
d G A satisfying the following 

(1) 0< d< I, 

(2) p(d)T j p(d) = 0forj^0, 

(3) \\p(d)T p(d)\\>\\T \\-e. 

Proof. We choose c G A as in Lemma [4.21 and put d = a p (c). It is clear that d 
satisfies (1) and (3) by Lemma [4.21 For — m < j < m, Tj is a finite sum of terms 
in the form such that 

For 1 < j < m, we have 

p(d)V ( V v *p(d) = p(aP(c))V 5 V n *p(aP(c)) = p(a*(c))Vtp(c)V* 

= p(a p (c))p(a^(c))V^V v * = p{o? (ca\c)))V 6 V* = 0. 

Thus p(d)Tjp(d) — 0. The proof of the case ~m < j < — 1 is similar. □ 

We now show the following uniquness theorem. 

Proposition 4.4. Let R be a Mobius transformation of infinite order which maps 
D to itself or a finite Blaschke product of degree at least two. Let A = C(T) 
and D be a unital C* -algebra. Suppose (p,V) is a covariant representation of the 
Hilbert bimodule Xr on D such that p is unital and injective and B is a C* -algebra 
generated by p{a) with a G A and with £ G Xr. Then there exists an isomorphism 
$ : B -> Xr such that $(p(o)) = a and $(V£) = for a G A, £ G X R . 
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Proof. By the universality of Ox R , there exists a surjective homomorphism \Jj : 
Ox R -> B such that *(a) = p(a) and = V$ for a € A and £ e X R . Let 

T € B a/ s. There exist p,raeN such that T = J2T=-m T 3 and T j e B p,p+j- For 
any e > 0, we choose d € A as in Lemma T4. 31 We have 



||T|| > \\ P (d)Tp(d)\\ = \\p(d)T oP (d)\\ > \\T \\-e. 

by Lemma \A. 31 Since e is arbitrary, it follows that ||Tb|| < ||T||. Thus there exists 
a conditional expectation F : B —> B' ) such that Fof = ^\o T ° -^i where 

X R 

is the closed linear span of {p(a), V£V£ | a e A, £, 77 € X| fc , fc e N} and £ is 
the conditional expectation form Ox R onto 0\ . Since is injective on A, ^> is 
injective on O^- by [28] (see also [14l Lemma 2.2]). Hence ^ is injective on Oj H 
and $ := x f ,_1 is the desired isomorphism. □ 

We do not identify X® m with Xr°™. in the proof of Proposition 14.41 But in fact 
we can identify them in the following way. We note that the m-th iteration of a 
finite Blaschke product is also a finite Blaschke product. 



Proposition 4.5. Let R be a finite Blaschke product. Then there exists an iso- 
morphism ^> : X|? m — > Xfjom as a Hilbert bimodule over A such that 

*(£i ® • • • ® U) = 6(6 o #)(£ 3 o R° 2 ) . . . (£ m o R°( m -V). 



Proof. It is easy to show that ^ is well-defined and a bimodule homomorphism. 
We show that preserves the inner product. For simplicity of the notation, we 
consider the case when m = 2. 

(£1 ® 6,771 ®?72)a(w>2) = (£2, (£i,??i)a •'72)a(w 2 ) 
, 1 



w 1 eR~ 1 (w 2 ) 



\R'( W1 )\ 



£2(^1) ((£i,?7i)a • ??2)(wi) 



26(fl o2 )- 1 («'2) 

ze(fl° 2 )- 1 («'2) 11 M Jl 
= (*(£i ® £2), *(r?i ® %)>a(^2). 

Since ^ preserves the inner product, \t is injective. We next prove that \& is 
surjective. Since Im "J/ is *-subalgebra of X^o™ and separates the two points, Im 
is dense in X#o m with respect to || || by the Stone- Weierstrass Theorem. Since || 
and || H2 are equivalent and $ is isometric with respect to || H2, ^ is surjective. □ 

5. Quotient algebra OCr 

The following theorem is a generalization of Theorem 11.11 Let R be a finite 
Blaschke product. We show that the C*-algebra OCr is isomorphic to the crossed 
product C(T) x a Z/gZ in Theorem 1 1.1 1 or the Cuntz-Pimsner algebra Ox R associ- 
ated to the Hilbert bimodule Xr over C(T). 
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Theorem 5.1. Let R be a finite Blaschke product. If R is a Mobius transformation 
of finite order q, then OCr is isomorphic to C(T) x Q Z/gZ, where a (a) = a o R 
for a £ C(T). Otherwise, there exists an isomorphism $ : OC/?, — > Ox R suc/i i/iai 
3>(7r(T a )) = a /or a € C(T) and $(7r(Cfl)) = Si, where tt is the canonical quotient 
map TCr to OCr and 1 is the constant map in Xr taking constant value 1. 

Proof. If R is a Mobius transformation of finite order, this statement is the same as 
Theorem ll.il Otherwise, it follows immediately from Propositions l3.3l and l4.4l □ 

Remark. Let R be a finite Blaschke product and a (a) = a o R for a € C(T). It is 
easy to see that the Aleksandrov operator Ar on C(T) is a transfer operator for the 
pair (C(T),a) in the sense of Exel [7]. If R is a Mobius transformation of infinite 
order which maps D to itself or a finite Blaschke product of degree at least two, 
then the element tt(C'r) of the composition operator in OCr corresponds exactly to 
the implementing element in Exel's crossed product C(T) x a ,A R N in [TJ. It follows 
directly from the fact that Ox R is naturally isomorphic to C(T) >4 a Ar N. 

Remark. Let R be a Mobius transformation of finite order q. It is known that 
R is conjugate to ip(z) — e tm ^ p ' q ' z by a Mobius transformation of B where p/q 
is in lowest terms. By Theorem 15.11 OCr is isomorphic to C(T) Z/gZ, where 
/?(a) = a o for a G C(T). It is known that the crossed product C(T) Z/gZ is 
isomorphic to M„(C(T)) since the orbit space T/(p is homeomorphic to T. Therefore 
OCr is isomorphic to M,(C(T)). 

Corollary 5.2. Let R be a finite Blaschke product. Then OCr is separable and 
nuclear, and satisfies the Universal Coefficient Theorem. 

Proof. This follows from Theorem 15.11 [171 Corollary 7.4, Proposition 8.8], and the 
above remark. □ 

We compute the if-group of OCr. The finite orthonormal basis {"1}?=! of Xr 
plays an important role in this proof. 

Theorem 5.3. Let R be a finite Blaschke product of degree n. 

(1) If n = 1 and R has finite order, then K q (OCr) = Z and K~i(OCr) = Z. 

(2) If n = 1 and i? has infinite order, then Kq(OCr) = Z 2 and K\{OCr) = Z 2 . 

(3) Ifn>2, then(K {OC B ), [I] , K^OCr) ) Si (Z © Z/(n - 1)Z, (0,1), Z). 

Proof. By the above remark, (1) is obvious. It is sufficient to compute the K-group 
of Cx R by Theorem 15.11 Put A = C(T). We use the following six-term exact 
sequence due to Pimsner [28] (see also [TT]). 

tf o(A ) id ' 1X " lo > X (A) if (O x J 

id-[X R ] 1 

where i : A — > Ox H is the natural inclusion and [-X^ji are the following composition 
maps 

KM) KjWR)) K 3 {A) 
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for j = 0, 1. We can identify C(Xr) with M n (A) using the finite orthonormal 
basis {uijf—i of Xr. By the definition of the action of Xr, <fi(R)ui = u% ■ ei for 



f , . . . , n. Thus 



(\ 
1 

\o 







and 4>(R) = 



/ei 
ei 



\0 ... e x ) 

where e\{z) — z for z <G T. Since R : T — > T is an orientation-preserving 1 to n map, 
we have [i?] a = n[ei]i. Thus [X fl ] ([l]o) - »[l]o and [X Runlet]!) = [jr fl ]i([i2]i) - 
n[ei]i. Since i^o(^) = Z[1]q and i^i(^4) = Z[e±]i, [Xr]o is the endomorphism 
induced by multiplication by n and [^Cr]i is the identity map. Therefore we can 
compute the K-group by the above exact sequence. Let n > 2. Using again the 
above exact sequence, [l]o corresponds to (k, 1) e Z©Z/(n— 1)Z for some k. Since 
E*=i S ^ S *a t = 1 and S*.S Ui = 1, we have (n - 1)[1] = 0. Thus k = 0. □ 

Let i? be a finite Blaschke product of degree at least two. We next consider 
the simplicity of the C*-algebra OCr. We show that it can be characterized by 
the dynamics near the Denjoy- Wolff point of R. First we consider a relation be- 
tween the C*-algebra OCr and the C*-algebra Or(Jr) associated with the complex 
dynamical system introduced in [15] . 

Let R be a rational function of degree at least two. We recall the definition of the 
C*-algebra Or(Jr). Since the Julia set Jr is completely invariant under R, that 
is, R(Jr) = Jr = R~ 1 (Jr), we can consider the restriction R\j R : Jr — > Jr. Let 
B = C(Jr) and X = C(graphi?| Jr ), where graphi?|j H = {(z,w) G Jr x Jr \ w = 
R(z)} is the graph of R. We denote by e(z) the branch index of R at z. Then X 
is a B-B bimodulc over B by 

(a ■ f ■ b)(z, w) = a(z)f(z 1 w)b(w), a,b € B, f £ X. 

We define a -B-valued inner product ( , )s on 1 by 

(f,g)B(w)= ^2 e ( z )f( z > w )9( z , w ), f,g£X,weJ R . 

zeR- 1 (w) 

Thanks to the branch index e(z), the inner product above gives a continuous func- 
tion and X is a full Hilbert bimodule over B without completion. The left action of 
B is unital and faithful. The C* -algebra Or(Jr) is defined as the Cuntz-Pimsner 
algebra of the Hilbert bimodule X = C(gra,phR\j R ) over B = C(Jr). 

Let R be a finite Blaschke product of degree at least two. By Proposition 12. A\ 
the Julia set Jr is T or a Cantor set on T. Since R has no branched point on T, 
the branch index of R is e(z) — 1 for z e T. Let Yr = C(Jr). Then Yr is a B-B 
bimodule by 

(a • £ • b)(z) = a(z)£(z)b(R(z)), a,beB,£e Y R . 

We define a -B-valued inner product ( , ) b on Yr by 

1 



C( z ) 7 7( z ): £,r) &Y R , w e Jr 



Let * : X ->■ y B be given by (*(/)) (z) = V|-R'(»| /(^, for f £ X and 

z G Jr. Since is a positive invertible function on Jr, it is easy to see that <f is 
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an isomorphism of Hilbert bimodules over B. Therefore Or(Jr) is isomorphic to 
the Cuntz-Pimsner algebra Oy R ■ 

We shall show a quotient algebra of OCr by an ideal induced by the Julia set of 
R is isomorphic to the C*-algebra Or(Jr) associated with the complex dynamical 
system {i? om }$^ =1 . We use a theorem on ideals of the Cuntz-Pimsner algebras. 
There have been many studies on ideals of Cuntz-Pimsner algebras [9] [14] [T8l EH] • 

Proposition 5.4. Let R be a finite Blaschke product of degree at least two and 
let 7r be the canonical quotient map TCr to OCr. Suppose Jr_ is the ideal of 
OCr generated by {n(T a ) \ a € C(T), a\j R — 0}. Then OCr/Jr is isomorphic to 
Or(Jr). In particular, OCrI Jr is simple. Moreover, if Jr = T. then OCr is 
isomorphic to Or(Jr). 

Proof. Let Ir = {a e A = C(T) | a\j R — 0} and let Ir be the ideal generated by 
Ir in Ox a - It suffices to show that Ox r /Ir is isomorphic to Qy R because there 
exists an isomorphism $ : OCr — > Ox R as in Theorem 15. II Since Jr is completely 
invariant under R, we have (£,a • rf) a = for a € Ir. Thus Ir is an X^-invariant 
ideal. See [9j [14] for the definition of invariant ideals. Therefore Xr/XrIr is 
naturally a Hilbert bimodule over A/Ir whose left action is faithful. Since Xr has 
a finite basis, <j>(A) is included in JC(Xr) — C(Xr), where <f> is the left action of 
Xr. By [9j Corollary 3.3], the Cuntz-Pimsner algebra Ox R /x R i B is canonically 
isomorphic to Ox r /Ir- We can identify Xr/XrIr, with the Hilbert bimodule Yr 
over B = A/Ir, which completes the proof. □ 

We give a characterization of simplicity of the C* -algebra OCr as a corollary 
using the Julia set of R. 

Corollary 5.5. Let R be a finite Blaschke product of degree at least two. Then the 
C* -algebra OCr is simple if and only if Jr = T. Furthermore, if Jr — T, then 
OCr is purely infinite. 

Proof. We use the same notation in the previous proof. Suppose Jr ^ T. Then 
Ir is a proper ideal in A = C(T). The isomorphism Xr /x r i r to Ox r /Tr in the 
previous proof maps [a] A/Ilt to [o] 0xr /i r for a £ A, where [a] A/lR and [o] 0xr /i r 
are images of a e A under quotient maps A — > A/Ir and Ox R — > Ox r /Ir respec- 
tively. Therefore Ir is a proper ideal of Ox R and OCr is not simple. The rest 
follows immediately from Proposition 15.41 and [TBI Theorem 3.8]. □ 

We show that the simplicity of the C*-algebra OCr can be characterized by the 
dynamics near the Dcnjoy- Wolff point of R. 

Theorem 5.6. Let R be a finite Blaschke product of degree at least two. If R has a 
fixed point in D or a parabolic fixed point on T with two attracting petals, then the 
C* -algebra OCr is simple. If R has an attracting fixed point on T or a parabolic 
fixed point on T with one attracting petal, then C* -algebra OCr is not simple. 

Proof. Use Propositions 12.41 and 15.41 □ 

Example. Let P n {z) = z n for n > 2. Since R has a fixed point in B, the Julia 
set Jp n is T. Therefore the C*-algebra OCp n is simple. We note that the finite 
orthonormal basis {uk}^ =1 of Xp n is given by Uk{z) = z k ~ 1 for k = 1,. .. ,n. 

We gave the following examples R\, . . . ,i?4 in the introduction of this papar. 
Now we discuss the simplicity of these examples using Theorem 15.61 
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Example. Let R\(z) — 2 f_ J- . Since R\ has a fixed point in D, the Julia 

set Jr 1 is T. Therefore the C*-algebra OCr 1 is simple. 

Example. Let #2(2) = ■ Since i?2 has an attracting fixed point 1 on T, the 

Julia set Jr 2 is a Cantor set on T. Therefore the C*-algebra OCr 2 is not simple. 

Example. Let Rs(z) = ifcjr ■ Since R3 has a parabolic fixed point 1 on T with 
two attracting petals, the Julia set Jr 3 is T. Therefore the C*-algebra OCr 3 is 
simple. 

Example. Let R±{z) = [l^fejfep ■ It is easy to see that i? 4 is a finite Blaschke 
product. Since R4 has a parabolic fixed point 1 on T with one attracting petal, the 
Julia set Jr 4 is a Cantor set on T. Therefore the C*-algebra OCr 4 is not simple. 

The following theorem implies that the degree is a complete isomorphism invari- 
ant for the class of OCr such that R is a finite Blaschke product of degree at least 
two and Jr = T. 

Theorem 5.7. Let R\ and R2 be finite Blaschke products of degree at least two. 
If OCr x is isomorphic to OCr 2 , then Ri and R2 have the same degree. More- 
over, suppose Jr x = Jr 2 = T. If Ri and R 2 have the same degree, then OCr 1 is 
isomorphic to OCr 2 . 

Proof. This follows immediately from Corollary 15.21 Theorem 15.31 Corollary 15.51 
and PH [27]. □ 

Example. Let R be a finite Blaschke product of degree n at least two with i?(0) = 
0. This case was studied in [TP] , Since R has a fixed point in KJ), the Julia set Jr 
is T. By Theorem 15. 71 the C*-algebra OCr is isomorphic to the C*-algebra OCp n . 
This was already proved in [TO], using the fact that R is topologically conjugate to 

Pn. 

Example. Let R x {z) = and R 3 (z) = Then J Rl = Jr 3 = T and 

Ri and R3 have the same degree two. By Theorem 15.71 the C*-algebra OCr 1 is 
isomorphic to the C*-algebra OCr 3 . Moreover OCr 1 is also isomorphic to OCp 2 for 
£=1,3. 

Let R be a finite Blaschke product of degree n at least two satisfying (2) in 
Proposition ^. 41 By Proposition 15.41 the quotient algebra OCr/Jr is simple. Fur- 
thermore, we can show that OCr/Jr is isomorphic to the Cuntz algebra O n . 

Proposition 5.8. Let R be a finite Blaschke product of degree n at least two which 
has an attracting fixed point on T and let -k be the canonical quotient map TCr to 
OCr. Suppose Jr is the ideal of OCr generated by {i:{T a ) \ a G C(T), a\j R = 0}. 
Then OCr/Jr, is isomorphic to the Cuntz algebra O n . 

Proof. Let wo be the attracting fixed point on T and let B(R) be the set of all 
branched points of R. Since B{R) cC\T and Fr is a connected set containing C \ 
T and wq, B{R) lies in the immediate attracting basin of wq. Applying Proposition 
15.41 and [TSJ Example 4.4] , we have the desired conclusion. □ 

Example. Let R 2 {z) = 2 2 z + ^i ■ Then OCr 2 /Jr 2 is isomorphic to the Cuntz algebra 

o>. 
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Example. Let Rq{z) — 2z -1 . This is considered in [T5] Example 4.4]. Since Rq 
maps the upper half plane to itself and -RoQR.) C M, the rational function Rq is 
conjugate to a finite Blaschke product R by the Cayley transformation. Since R 
has an attracting fixed point 1, OCr/JTr is isomorphic to the Cuntz algebra Oi. 

Acknowledgement. The auther thanks Professor Yasuo Watatani for his constant 
encouragement and advice. 
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